The canonical Robertson-Schrödinger uncertainty relation provides a loose bound for the product of variances of two non-commuting observables. Recently, several tight forward and reverse uncertainty relations have been proved which go beyond the traditional uncertainty relations. Here we experimentally test multifold of state-dependent uncertainty relations for the product as well as the sum of variances of two incompatible observables for photonic qutrits. These uncertainty relations are independent of any optimization and still tighter than the Robertson-Schrödinger uncertainty relation and other ones found in current literatures. For the first time, we also test the statedependent reverse uncertainty relations for the sum of variances of two incompatible observables, which implies another unique feature of preparation uncertainty in quantum mechanics. Our experimental results not only foster insight into a fundamental limitation on preparation uncertainty but also may contribute to the study of upper limit of precession measurements for incompatible observables.
The canonical Robertson-Schrödinger uncertainty relation provides a loose bound for the product of variances of two non-commuting observables. Recently, several tight forward and reverse uncertainty relations have been proved which go beyond the traditional uncertainty relations. Here we experimentally test multifold of state-dependent uncertainty relations for the product as well as the sum of variances of two incompatible observables for photonic qutrits. These uncertainty relations are independent of any optimization and still tighter than the Robertson-Schrödinger uncertainty relation and other ones found in current literatures. For the first time, we also test the statedependent reverse uncertainty relations for the sum of variances of two incompatible observables, which implies another unique feature of preparation uncertainty in quantum mechanics. Our experimental results not only foster insight into a fundamental limitation on preparation uncertainty but also may contribute to the study of upper limit of precession measurements for incompatible observables.
Introduction:-Uncertainty relations [1] [2] [3] [4] [5] are the hallmarks of quantum physics and have been widely investigated since their inception [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] [16] [17] . These uncertainty relations impose fundamental limitation on the possible preparation of quantum states for which two noncommuting observables can have sharp values-often refereed as "preparation" uncertainty relations. They can be used in bounds for metrology [18, 19] , the security of quantum cryptography [20, 21] , and the detection of nonclassical correlations [22] [23] [24] [25] . Thus, the discovery of new uncertainty relations [4, 5] with tighter bounds has important potential implications for quantum information processing.
Uncertainty relations in terms of variances of incompatible observables are generally expressed in the product and the sum form. Both of these kinds of uncertainty relations express limitations in the possible preparations of the system by giving a lower bound to the product or sum of the variances of two observables. Most of the stronger uncertainty bounds [4, [26] [27] [28] depend on an orthogonal state to the state of the system. However, for higher dimensional systems, finding such an orthogonal state may be difficult. Recently, couple of state-dependent uncertainty relations with optimization free uncertainty bounds both in the sum and the product forms are derived by Mondal et al. in [5] . These authors have also proved a state-dependent upper bound for the uncertainty relation which is tight. It is quite intriguing that the enshrined uncertainty relation due to Robertson and Schrödinger is a much weaker than the tight forward uncertainty relation proved in [5] .
In this work, we report an experimental test of these new uncertainty relations with optimization free bounds and reverse uncertainty relations for single-photon measurements and demonstrate they are valid for states of a spin-1 particle. The experimental results we find agree well with the predictions of quantum theory and obey these new uncertainty relations. We realize a direct measurement model and give the first experimental investigation of the strengthened forward relations and the reverse uncertainty relation. Furthermore, in our experiment, every term can be obtained directly by the outcomes of the projective measurements. Our test realizes a direct measurement model which leverages the requirement of quantum state tomography [9, 15, 29] .
Theoretical framework:-Consider a quantum system that has been prepared in the state |Ψ and we perform measurement of two incompatible observables A and B. The resulting bound on the product of uncertainties can be expressed as
where the expected values O = Ψ|O|Ψ and variances ∆O 2 = O 2 − O 2 are defined over an arbitrary state |Ψ of the system. It is so-called Robertson-Shrödinger uncertainty relation [30] . This uncertainty relation is well known, however, its bound is not optimal. In [5] , an alternative uncertainty relation with a tighter bound is provided
{|ψ n } is an arbitrary complete basis. Though the bound of the new uncertainty relation is indeed tighter than that of the Robertson-Shrödinger uncertainty relation, an optimization over different bases is required for the tightest bound. Furthermore, an optimization-free uncertainty relation for two incompatible observables is derived in [5] is given by
where F x Ψ = | Ψ|x | 2 is the fidelity between |Ψ and |x = |a i , |b i . This uncertainty relation depends on the transition probability between the state of the system |Ψ and the eigenstates of the observables |a i and |b i . The incompatibility is captured here not by the noncommutativity, but rather by the nonorthogonality of the state of the system and the eigenstates of the observables. The bound of this uncertainty relation (3) is tighter than the other bounds most of the time and even surpasses the bound given by (2) without any optimization.
To fully capture the concept of incompatible observables, an uncertainty relation proposed relating on that sum of variances of two incompatible observables is derived in [4] 
An optimization over a set of states |ψ n provides a more tighter bound as Furthermore, an uncertainty relation for the sum of variances of two incompatible observables with optimizationfree bound is also derived in [5] 
The standard preparation uncertainty relationsforward URs provide lower bound to the product or the sum of variances. However, quantum theory also restricts how large the variances can be. The upper bound to the sum of variances of two incompatible observables is expressed by the reverse uncertainty relation [5] 
where Cov(A, B) = 1 2 {A, B} − A B is the quantum covariance of the operators A and B. Thus, for two incompatible observables, the forward and the reverse uncertainty relations set fundamental zone within which the quantum fluctuations are restricted, i.e., the intrinsic uncertainties cannot be too small and too large.
Experimental investigation:-To Test the uncertainty relations (1)-(6) and the reverse uncertainty relation (7) we choose two components of the angular momentum for spin-1 particle as two observables:
For convenience, we also define an observable as L = (1) can be rewritten as
All the lift-and right-hand sides of the inequalities are expected values of the obserables L i (i = x, y, z) and L and can be read out from the experimental results. The inequality (2) can be rewritten as where C n = Tr (ρL x |ψ n ψ n |L y ), D n = Tr (ρ|ψ n ψ n |L y ), ρ = |Ψ Ψ|, and |ψ 1 = (1, 0, 0) T , |ψ 2 = (0, 1, 0) T and |ψ 3 = (0, 0, 1) T are the mutual orthogonal basis vectors for H 3 .
The inequality (3) can be rewritten as
The inequality (4) can be rewritten as
The inequality (5) can be rewritten as
where the coefficients are E n = ψ n |L x |Ψ , F n = ψ n |Ψ and G n = ψ n |L y |Ψ . The inequality (6) can be rewritten as
where the coefficients F ai(bi) Ψ ,ã i (b i ) and a i (b i ) are defined in rewritten inequality (3) .
The reverse uncertainty relation (7) can be rewritten as
Thus, all terms in both lift-and right-hand sides of the uncertainty relations and reverse one are related to expected values of the obserables L i (i = x, y, z) and L and can be read out directly from the outcomes of the projective measurements.
Experimental investigation:-We report the experimental test of these uncertainty relations (1)-(6) and the reverse uncertainty relation (7) for a single-photon measurement. The experimental setup shown in Fig. 1 involves two stages: state preparation and projective measurement.
In our experiment, a photonic qutrit is encoded in three modes and the basis states are {|ψ 1 , |ψ 2 , |ψ 3 } = {(1, 0, 0) T , (0, 1, 0) T , (0, 0, 1) T }, which indicate the states of the horizontally polarized photons in the upper spatial mode, the vertically polarized photons in the upper spatial mode, and the vertically polarized photons in the lower spatial mode, respectively. Polarizationdegenerated photon pairs are produced in a type-I spontaneous parametric down-conversion (SPDC) with the help of an interference filter which restricts the photon bandwidth to 3nm. This trigger-herald pair is registered by a coincidence count at two single-photon avalanche photodiodes (APDs) with 3ns time window. Total coincidence counts are about 10 4 .
In the state preparation stage, the heralded single photons pass through a polarizing beam splitter (PBS) and are split into two parallel spatial modes-upper and lower modes by a beam displacer (BD) whose optical axis is cut so that vertically polarized photons are directly transmitted and horizontal photons undergo a lateral displacement into a neighboring mode. Then, two half-wave plates (HWPs) H with a certain setting angle θ/2 and H 0 at 0 are applied on the photons in the upper mode. The matrix form of the operation of HWP with the setting angle ϑ is cos 2ϑ sin 2ϑ sin 2ϑ − cos 2ϑ . We prepare a family of qutrit states |Ψ = (cos θ, − sin θ, 0) T as the system state, where θ = jπ/10 (j = 0, · · · , 10). Thus totally 11 states are chosen for testing the uncertainty relations (1)-(6) and the reverse one (7) . To test the uncertainty relations (1)-(6) and the reverse one (7) which can be rewritten and only depend on the expected values of the observables L i (i = x, y, z) and L . An arbitrary observable M can be written as M = i m i |m i m i |, where |m i is an eigenstate of M and m i is the corresponding eigenvalue. The expected value of M is
A unitary operator is defined as U = i |i m i | and is applied on the system in the initial state |Ψ which is then projected into the basis state |i (i = 0, 1, 2). The overlap | Ψ|m i | 2 = Tr |Ψ Ψ|U † |i i|U equals to the probability P i of the photons being measured in the basis state |i .
For example, corresponding to the observable L x , the unitary operator is defined
which can be further decomposed into
Thus in the measurement stage, the above three unitary operators U 1,2,3 can be realized via the optical circuit in Fig. 1 . Each of them applies a rotation on just two of the basis states, leaving the other unchanged. For example, U 1 is realized by a HWP (H 1 at 45 • ) applying on the photons in the upper mode, which exchanges the polarizations of the photons in the upper mode and keeps the state of the photons in the lower mode unchanged. Similarly, U 3 is realized via a quarter-wave plate (QWP, Q) and a HWP (H 4 ) applying on the photons in the upper mode, which implement a rotation on the polarization states of the photons in the upper mode and keeps the state of the photons in the lower mode unchanged. Whereas, U 2 is realized by two BDs and two HWPs (H 2 and H 3 ). The BDs are used for basis transformation and the HWPs are used to apply a rotation on the polarization states. The last BD is used to project the photons into the basis states |i (i = 0, 1, 2). The probability of the photons being measured in |i is obtained by normalizing photon counts in the certain spatial mode to total photon counts. Angles of the wave plates are shown in Table I . Experimental results:-In Fig. 2 , we show the direct demonstration of the uncertainty relations (1)-(3) related to product of variances of two incompatible observables for photonic qutrits. The bound given by (2) is one of the tightest bounds but to achieve it optimization is required. Whereas, the bound given by (3) is tighter than the other bounds most of the time and even surpasses the optimized bound, yet it does not need any optimization. Both bounds in (2) and (3) are tighter than that given by the Schrödinger uncertainty relation (1) .
As shown in Fig. 3 , the bound obtained in (6) is one of the tightest optimization-free bounds. Whereas, the bound given by (5) requires optimization over the states perpendicular to the chosen state of the system and is surpassed for only a few states of the system. Both bounds in (5) and (6) are tighter than that given by (4) . Our experimental data fit the theoretical predictions and satisfy the uncertainty relations of either product of sum of variances of two incompatible observables.
In Fig. 4 , we show the experimental demonstration of the reverse uncertainty relation (7) . For some states, the inequality (7) becomes an equality, which means the reverse uncertainty relation is tight. For the coefficients of the system state θ = 0, π/2, π, the experimental results of the LHS and RHS of (7) are {0.99275 ± 0.01985, 0.99981±0.01038}, {1.99614±0.01197, 1.99622± 0.01214} and {0.99988 ± 0.01028, 1.00343 ± 0.01967}, respectively, which agree with their theoretical predictions 1, 2, 1 very well.
Conclusion:-The uncertainty relations are the most fundamental relations in quantum theory. A correct understanding and experimental confirmation of uncertainty relations will not only foster insight into foundational problems but also advance the precision measurement technology in quantum information processing. In this work, we have experimentally tested several forward as well as reverse state-dependent uncertainty relations for the product as well as the sum of variances of two incompatible observables for photonic qutrits. These uncertainty relations are independent of any optimization and still tighter than the Robertson-Schrödinger uncertainty relation and other ones existing in the current literatures. We have also tested, for the first time, the statedependent reverse uncertainty relations for the sum of variances of two incompatible observables, which implies an another unique feature of quantum mechanics. The experimental test of the forward and the reverse uncertainty relations vividly demonstrates that quantum fluctuations do remain within the quantum tract due to the incompatible nature of the observables.
The fruition of our experiment relies on a stable interferometric network with simple linear optical elements. Though both sides of these inequalities can be calculated from the density matrices of the system states which are reconstructed by quantum state tomography. In our experiment, every term of these inequalities can be obtained directly by the outcomes of the projective measurements, and the experimental results are in a perfect agreement with theoretical predictions. Our test realizes a direct measurement model which much simplifies the experimental realization and leverages the requirement of quantum state tomography. Our experimental results not only provide deep insights into fundamental limitations of measurements but also may contribute to the study an upper time limit of quantum evolutions in future.
